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Abstract

This paper considers the least-square online gradient descent
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an explicit regularization term. We present a novel capacity inde-
pendent approach to derive error bounds and convergence results
for this algorithm. The essential element in our analysis is the in-
terplay between the generalization error and a weighted cumulative
error which we define in the paper. We show that, although the
algorithm does not involve an explicit RKHS regularization term,
choosing the step sizes appropriately can yield competitive error
rates with those in the literature.
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1 Introduction

Let X be a compact subset of Euclidean space IRY, Y a subset in IR and
IN, :={1,...,¢} for any £ € IN. Let p be a fixed but unknown probability
measure on Z := X xY. The generalization errorfor a function f : X — Y
is defined as

&)= [ (7o) - ) an(a) (11)

The function minimizing the above error is called the regression function
and is given by

f(x) = /Y ydp(ylz), T eEX, (1.2)

where p(-|x) is the conditional probability measure at x induced by p.

We consider the problem of approximating the regression function from
a set of training data drawn from p. In this paper, we restrict our attention
to online learning algorithms for computing an approximator of f, in a
reproducing kernel Hilbert space (RKHS).

Let K : X x X — IR be a Mercer kernel, that is, a continuous, sym-
metric and positive semi-definite function, see e.g. [12]. The RKHS Hg
associated with K is defined [1] to be the completion of the linear span
of the set of functions {K,(-) := K(z,) : * € X} with inner product
satisfying, for any = € X and g € Hg, the reproducing property

(Kz, 9) = g(). (1.3)

Let {z; = (xt,y:) : t € IN} be a sequence of random samples indepen-
dently distributed according to p. The online gradient descent algorithm
[10, 19, 22, 28] is defined as

{flz(), and for t € N (1.4)

fie1=fi — Ut((ft(xt) — ) Ko, + Aft)»

where A > 0 is called the regularization parameter. We call the sequence
{n: : t € IN} the step sizes or learning rates and {f; : t € IN} the learning
sequence. Clearly, each output f;41 only depends only on {z; : j € IN;}.

The class of learning algorithms displayed above is also referred to
as stochastic approximation algorithms in the setting of RKHS’s. Such
a stochastic approximation procedure dates back to [21]. One can see
22, 28, 32, 35] and references therein for more background material.
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When the parameter A > 0, we call (1.4) the online reqularized algo-
rithm. This algorithm has been well studied in the recent literature, see
e.g. [20, 22, 33]. In this paper, we are mainly concerned with the online
gradient descent algorithm without an explicit RKHS regularization term,
which is given by (1.4) with A = 0, that is,

{flzo,andfortEN (1.5)
feor = fo = me(fe(we) — ye) K, .

We study the approximation of fr.;, the output of iteration step
(sample size) T', to the regression function f,. The nature of the least-

square loss leads to the measurement in the metric of E%X defined as
1

1fllo = [Ifllez, = ([ |f(2)]*dpx)?, where px is the marginal distribu-
tion of p on X. A direct computation yields that

1frex = follp = E(fra) — (), (1.6)

see e.g. [12] for a proof.

Our primary goal is to estimate the error (1.6) for the least-square
online algorithm (1.5) by means of properties of p and K. We shall show
how the choice of the step sizes in the algorithm affects its generalization
error. Moreover, we shall derive error rates for algorithm (1.5) which are
competitive with those in the literature. We mainly focus on two different
types of step sizes. The first one is a universal polynomially decaying
sequence of the form {n, = O(t7%), t € N} with 6 € (0,1). The second
type of step sizes is of the form {n, = n : t € Ny} with n = n(T") depending
on the iteration number (sample size) T. As we shall discuss in Section 2,
the function n(7") provides a trade-off between the learning rate 1 and the
iteration steps 7" and its choice ensures convergence of the algorithm. This
is in the spirit of early stopping implicit regularization, see e.g. [32, 36].

The rest of the paper is organized as follows. The next section summa-
rizes our main results and Section 3 collects discussions on related work.
To formulate our basic ideas, in Section 4 we provide a novel approach to
the error analysis of the online algorithm (1.4) under some conditions on
the step sizes. The essential element in our analysis is an appealing rela-
tion between the generalization error and a weighted form of cumulative
sample error (see Proposition 1) in online learning literature (e.g. [8, 10]).
In Section 5, we develop error bounds and convergence results for the on-
line algorithm (1.5). Finally, Section 6 establishes explicit error rates for
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algorithm (1.5) and, as a byproduct, improves the preceding rates [22, 33]
for the online regularized algorithm given by (1.4) with A > 0.

2 Main results

We begin with some background material and notations. Firstly, let C(X)
be the space of continuous functions on X with the norm || - [|x, & =

sup,cx v/ K (x,x) and note, by the reproducing property (1.3), for every
f € HK, that

1l < Kl - (2.1)

In addition, for every ¢ € IN we denote the expectation E,, ., as Ez

and use the convention Ezo [5} = ¢ for any random variable £. Secondly,
we introduce the notion of K-functional [5] which plays a central role in

approximation theory, namely
K(s, fp) == inf {[|f = foll, + sl fllx}, s>0. (2.2)
feHK

Next, we define, for any 6 € (0,1), the quantity

0 1248(1 + k)* if 0 = 2, (23)
HY) = 208(1+k)* 8 1 2.3
=20 1)20=1] (hl(m) + m) otherwise.

Finally, we require that [, 3y*dp(z) < co which implies that the quantity
E(f,) + ||pr/2) is finite.

We are now ready to state our main results. The first one deals with
error bounds for the online gradient descent algorithm (1.5).

Theorem 1. Let 0 € (0,1) and {n; = it*Q : t € IN} with some con-
stant pn > (0). Define {f; : t € N} by (1.5). Then, for any T € NN,
Ezr (| fre1 — foll2] is bounded by

—\1l— 2 CpC — min 8T
Koo/ 7207002, )| SR O (), (24)

where ¢, := 4(1—1—5)4(20pr||i—|—3$(fp)) by = 2(14k),/ 25is and cp = 13
if =1 and

5 otherwise.

20~ 1)\1 20]

The KC-functional term of our upper bound in Theorem 1 concerns the
approximation of the function f, in the space £2X by functions in the
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space Hg. Its polynomial decay can be characterized by requiring that f,
lies in the interpolation space (L2, Hx)p00 defined as

(EiX,HK)@OO = {f € ﬁf}X MNllgoo = sggs’ﬁlC(s,f) < oo}, (2.5)

where 3 € [0, 1]. Indeed, it is easy to see that, for some ¢ > 0, K(s, f,) <
cs’ for any s > 0 if and only if f, € (L2 ,Hk)so. Note [5] that

(ﬁf,x,HK)o,oo = E%X and (E%XaHK)I,oo = Hpg. Therefore, we can intu-

itively regard the interpolation space (,Cﬁx,

space between the metric space sz and the much smaller approximation

Hk)poo @s an intermediate
space Hg. Similar ideas of using the K-functional to characterize the
approximation property of the space Hy can be found in [11, 12, 23].

In general, we have [5] that lim, o1 IC(s, f,) = infren, || f — foll,- This
gives rise to convergence of the online gradient descent algorithm (1.5).

Theorem 2. Let 6 € (0,1) and ((0) be given by (2.3). Define {f; : t € IN}
by (1.5). If the step sizes satisfy n, = it*G fort € IN with some constant
> (@) then we have that

. 21 _ 2
TlglgoEzT [l fr41 — fp”p} = fler}fK 1f = ol

We will give the proofs of Theorems 1 and 2 in Section 5.

If the space Hx has a good approximation property then the limit in
Theorem 2 equals zero. To see this, we say that Hg is dense in Cf)x if

: 2
f1€I71-lfK |f—gll,=0, forall ge L . (2.6)

We note that, in [26], a kernel is called universal if inf ey, || f — gllc =
0, forall ¢ € C(X). For example, the Gaussian kernel K,(z,z’) =

_\x—x’lQ

e~ 202 is universal for every ¢ > 0. Universal kernels are sufficient to

ensure our density condition (2.6), since || f||, < ||f|lc and C(X) is dense
in E?,X. Note that f, € sz' Therefore, an immediate consequence of
Theorem 2 is the following corollary.

Corollary 1. Suppose the assumptions in Theorem 2 hold true. Moreover,
if Hi is dense in EiX then we have that

jli_r)goEzT [HfT+1 - fp”i} =0.



By choosing 6 appropriately, we can get explicit error rates if the re-
gression function f, lies in the regularity space L (Eix). To define this
space, we introduce the integral operator Ly : £2 — EZX defined as

Ly f(x /Kx:v «)dpx(2'), VreXandfell

Since K is a Mercer kernel, Lg is compact and positive. Therefore, the
fractional power operator Lf( is well-defined for any g > 0. We indicate
its range space by

Ly (L%) ;—{ Z)\’Ga]gb].HL Sl = ia?<oo}, (2.7)

j=1

where {\; : j € IN} are the positive eigenvalues of the operator Ly and
{¢; : j € IN} are the corresponding orthonormal eigenfunctions. Thus,
the smaller [ is, the bigger the range space Lf((ﬁf,x) will be. In particular,

1
we know [25] that Lf((ﬁix) C Hy for 3> 5 and LE (L2 ) = Hy with the

norm satisfying
_1
lglle = ILx*gllo, Vg € Hic (2.8)
One can find more details in [12, 25].

Of course, one can assume that f, € (L2 ,Hk)s00. This is a natural

assumption since L%(ﬁ%x) (Ef,X,HK)gg,oo for 8 € [0,3], see the Ap-
pendix. However, in this paper we concentrate on the hypothesis space
L%(L?)X) since this facilitates a comparison of our results with those in

the related literature (e.g. [7, 25, 27, 32, 33, 34]).

We are now in a position to state our error rates for algorithm (1.5).
Hereafter, the expression ar = O(br) means that there exists an absolute
constant ¢ such that ar < ¢bp for all T € IN.

Theorem 3. Let 6 € (0,1) and 11(0) be given by (2.3). Define {f; : t € IN}
by (1.5). If f, € Lf((ﬁix) with some 0 < (3 < 1 then, by selecting

2
N = 3 )f% fort € IN, for any T € IN there holds

#( 26+1

Ege[|lfri1 — f,|2] = O(T" %7 InT). (2.9)

In Section 6.1, we will derive the error rate (2.9) from some modified
error bounds similar to (2.4). Since the best rate of the second term
on the right-hand side of (2.4) is O(T~2 InT), the associated error rate
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(2.9) is never faster than the rate O(T"2InT) achieved for 5 = . In
contrast, it is known that regularization algorithms [4, 7, 25, 31| in batch
learning' can achieve better rates than O(T~2) if f, € L%(/Jﬁx) with
$ > 1. Unfortunately, for the online algorithm (1.5) with polynomially
decaying step sizes, we do not know how to get better rates beyond the

range 3 € (0, 1].

We turn our attention to the case that the step sizes of (1.5) are in
the form of {n, = n : t € Ny} while the learning rate n depends on the
sample number 7. In this scenario, the error bounds for algorithm (1.5)
read as follows.

Theorem 4. Let {n, = n :t € Ngp} and {f; : t € Npy1} be produced
by algorithm (1.5). If 16(k + 1)*In(8T)n < 1, then Eyr [|| fre1 — fp||ﬂ is
bounded by

01+ r)(nT) f,))}2 +¢,nIn(8T). (2.10)

Note that the function (-, f,) is non-decreasing and lim_.o4 KC(s, f,) =
inf e, | f — foll,- Thus, from the error bound (2.10) we see that large
number of iteration 7" reduces the K-functional, but enlarge the last term
in (2.10); on the other hand, small number of iteration reduces the last
term in (2.10), but enlarges the K-functional. Hence, trading off the two
terms in the error bound (2.10) suggests an early stopping rule 7" = T'(n)
which guarantees convergence of algorithm (1.5) as n — 0+.

However, our purpose in this paper is to derive error rates with respect
to the iteration steps (sample number) 7" by choosing 1 appropriately, and
thus we take the inverse function’s description n = n(T).

In addition to the error || fr41—f,|| ,, there are other interesting relevant
quantities such as the error || fr1 — f,|lx (if f, € Hi). Observe that the
global error || fr11 — f,ll, can not wholly describe the local properties of
fry1 which is usually measured by |fri1(xo) — fo(z0)| for any zp € X.
However, if f, € Hk, for every xy € X we have that | fri1(zo) — f,(x0)] <
k|l fr4+1 — follx. In this case, the convergence and the error rate in Hg
reflect the local performance of the predictor fr,,. Indeed, it was further
pointed out in [25] that the convergence in Hy yields convergence in C*(X)
under some conditions on K, where C* denotes the space of all functions
whose derivatives up to order k are continuous.

n this learning setting, we usually use the whole batch of examples at one time.



When the step sizes of (1.5) are of the form {n, =n(T") : t € INr}, we
can get convergence results in E%X as well as in Hg.

Theorem 5. Let {n; =n(T) :t € Ny} and {f; : t € Ny} be produced
by (1.5). Then the following statements hold true.

(1) If the step size satisfies

Tlim Tn(T) = oo, Tlim n(T)InT =0 (2.11)
then there holds
: 2 : 2
Jim Bpr (|l fran = follp] = it ILf = foll. (2.12)

(2) If f, € Hi and the step size satisfies

Jim Tn(T) = oo, lim n*(T)T =0 (2.13)
then we have that
Tim Egr[[|frer — fll%] = 0. (2.14)

Note that, if the step size decays in the form of n(T) = O(T~%), T —
oo with 6 > 0 then the hypothesis (2.11) allows the choice 6 € (0, 1) while
(2.13) requires that 6 € (3, 1).

We will prove Theorems 4 and 5 in Section 5. In Section 6, we shall
establish the following error rates in Ef)x as well as in Hy when the step
sizes are of the form {n, = n(T) : t € Ny }.

Theorem 6. Let {n, = n :t € Ngp} and {f; : t € Npry1} be pro-
duced by (1.5). If f, € L?((L'ix) for some 3 > 0 then, by choosing

26
n = mTﬁW, we h(l’Ue that

2 _ 28
Ezr (|l fren = 2] = O(T"#7mT). (2.15)
Moreover, if 3 > % then there holds

Ezr |1 — fI%] = O(T75%). (2.16)

As the last contribution of this paper, we further improve the preceding
error rate [33] for the online regularized algorithm (1.4) with A > 0. The
proof will be given in Section 6.2.



Theorem 7. Let A > 0, 0 € (0,1) and u(0) be given by (2.3). Define
{fi:t € Ny} by (1.4). Assume that f, € L%(ﬁ%x) with some 0 < 3 <

Qﬁ _ 1 __28_ o 7#4»&
1. For any 0 < e < T choose 1, = mt 2+ gnd A\ =T 25+17 23,
2B8+1
Then there holds :
2
Ezr [l frin — fp||ﬂ = O(T 21+ ) (2.17)

The preceding error rates of the online regularized algorithm (1.4) with
A > 0 were established in [33] under the assumption that f, € Li(ﬁzx)
with some 3 € (0,1]. Namely, for any arbitrarily small ¢ > 0, by choosing
A := A\(T) appropriately, there holds

Ezr [ frea — follo) = O(T_%“) (2.18)

and, for % < [ <1, we further have that

Eyr (| fro1 — follx] = O(T57+). (2.19)

By Cauchy-Schwarz inequality, we see from (2.17) that, for any arbitrarily
small € > 0, there holds

Ezr (|| fro1 = follo] < (EZEZTWTH _ pr/Q)])E _ 0<T*w%“>.

Therefore, the rate (2.17) is much better than (2.18).

We end this section with some remarks. Firstly, the above error rates
for algorithm (1.5) are capacity independent except the prior requirement
that f, € Lf((ﬁzx) with some 3 > 0. It is an open problem to improve
these rates when some additional information is known such as the regu-
larity of the kernel K or some polynomial decay of the eigenvalues of L
[7, 12, 31]. Secondly, all the rates are proved with respect to expectation
norm and we do not know how to convert them into similar probabilistic
bounds such as those in [25, 32]. Finally, we wish to emphasize that when
the step sizes are a polynomially decaying sequence like that in Theorem
1, the learning scheme (1.5) is a truly online algorithm. Instead, when
we use a constant step size 1, = n(T'), algorithm (1.5) is only an infor-
mal online algorithm since the knowledge of the sample size is required in
advance.



3 Related work

In this section, we discuss and compare our results with related work.
A main conclusion of this discussion is that the online algorithm (1.5) is
competitive with the commonly used least-square learning schemes.

3.1 Cumulative loss analysis

The mistake (regret) bounds for the cumulative loss S/, (y; — fi(z))? for
general online algorithms have been well studied in the literature. See e.g.
2,8,9, 10, 17, 18, 19, 29, 35] and references therein. Specifically, mistake
bounds were derived for the online density estimation in [2]. Section 6 in
[17] derived, for a learning algorithm different from (1.5), upper bounds on
the relative expected instantaneous loss, measuring the predicting ability
of the last output in the linear regression problem. The online algorithm
studied in [10] in the linear regression setting is closest to our algorithm
(1.5). This paper discussed how the choice of the learning rate affects
the bound for the cumulative loss. Related mistake bounds in this setting
can also be found in [35]. In [19], the authors proposed general online
regularized algorithms with kernels and presented their cumulative loss
bounds.

For a more detailed review of mistake bounds in this direction, one
can refer to [29, Section 5|. There, generalization bounds for the average
prediction were also derived from the cumulative loss bounds for certain
algorithms in RKHS’s. More precisely, for each ¢t € IN, let H; : X — R
be the function produced by a prediction algorithm when fed with the
independent data {(z;,y;) : j € IN;_1}. Consider the average prediction
Hry1 = 7255 Hy and let D € Hy with D(z) € Y := [-M, M] for
all z € X. It was shown ([29, Corollary 2]) that there exists a prediction
algorithm such that, for any § > 0 and T" € IN, with probability at least

1 — 9, there holds

2M
vVI+1

The main difference of our generalization bounds (2.4) and (2.10) from

E(Hry1) < E(D) +

(\/Fﬂ + M2(||D||k + 1) + 2M4/21n %)

the above one is that we have no assumption on the functions in the given
upper bounds.
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Soon after Proposition 1 in Section 4.1, we shall discuss an appealing
relationship between statistical generalization error of fr,; and a weighted
modification of cumulative loss 3./ (y; — fi(2,))?. However, it remains to
be understood whether the standard cumulative loss bounds for algorithm
(1.5) can be directly applied to the study of its generalization error.

3.2 Comparison with other regularization schemes

Although deriving cumulative loss bounds of the online gradient descent
algorithm (1.4) is very useful, it is also important to further understand
the statistical behavior of fr,q. In [22], the authors studied the perfor-
mance of fri; in the Hx norm when fr; is given by the online regular-
ized algorithm (1.4) with A > 0. More general online regularized schemes
(1.4) involving commonly used loss functions in classification and regres-
sion were discussed in [20, 33]. Using quite different methods from ours,
[35] obtained similar generalization bounds as (2.10) for the online gradi-
ent descent algorithm associated with uniformly Lipschitz loss functions,
linear kernels and constant step sizes (learning rates).

In particular, in what follows we compare our rates for algorithm (1.5)
with the state-of-art ones for other least-square learning algorithms under
the same hypothesis that f, € Ly (£2 ) with 3 > 0.

Firstly, we begin by the comparison with the rates for the online regu-
larized algorithms. In this discussion, we note that the rates (2.9), (2.15)
and (2.16) of algorithm (1.5) are comparable to the rates (2.17), (2.19) of
the online regularized algorithm (1.4).

Secondly, we present the comparison with the rates of averaged stochas-
tic gradient descent algorithms introduced in [35]. This class of online
algorithms and the derived error bounds are stated in the linear kernel
setting. However, we can easily extend them to the general kernel set-
ting as follows. Assume 2x1, < 1 for t € INp, and let 7, = 0, fl =0
and {f; : t € Ny} be defined by (1.5). For any ¢t € INy, we update
Tev1 = 1o + 1 — 26°n7 and ft+1 = It ft + " f . Then, the general-

Tt+1 Tt+1

ization bound (see [35, Theorem 5.2]) for the average output fr.y in the
kernel setting can be cast as

() +

T41 2r74

£ . 2/{320'2 1
Ezr [E(fri1)] < flervlifK {(1 + ﬁ)

i3 SCAY
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where 07, = 3., 77- Note that E(f) — E(f,) = |If — f,l> for any
fe E%X. In view of the reqularization error

D) = inf {IIf = follp + Al Sl } (3:2)

the bound (3.1) implies that E (|| fr41 — f,]|?] is bounded by

2K202 1 2K202

14+ =)p( )+ (). 3.3
( TTa1 2<TT+1 + 2%20'%4_1) Tra1 (fp) ( )
When the step sizes are of the form 7, = Mt_e with 8 € (0, 1), it is
not hard to observe that rp = O(T'7Y), % = O(T~™in{01=0}) for 9 # 1
and % = O(T~>InT) for § = L. Furthermore, if f, € Ly (L2 ) with

some 3 € (0, 1] then we know from [25, Lemma 3] that
D) <AL fl;, (3.4)

which implies that
1

D( ) =o(r-u-0), 3.5
2(rr1 + 2207 4) ( ) (8:5)

Therefore, if f, € L%(ﬁ%x) with g € (0, %], choosing 6 = 2;% and putting

0.2
the above observations for ry, T;ﬁ and (3.5) into (3.3) yields that

O(T~2InT) for §=1,

O(T_%) for 8 € (0,3). (3.6)

Ezrll fren = foll}] = {

Similarly, if f, € Lf((ﬁix) with 8 € (0,1] and the step sizes have the
form {n; = n:t € Ny} then, by choosing n = Tf%il, we see from

(3.3) and (3.4) that

1
4(1+k2)

Ezrllfri1 — f,l12) = O(T5%), (3.7)

Based on the above discussion, we see that the rates (2.9) and (2.15)
for algorithm (1.5) are the same, up to a logarithmic term, as the corre-
sponding rates (3.6) and (3.7) for the averaged stochastic gradient descent
algorithm.
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Thirdly, we move on to the comparison with the Tikhonov regulariza-
tion algorithm (see e.g. [16]) in batch learning which is defined by

fani=ag int {23 (F@) -y P+ AT} (39

eH
K teINp

The capacity independent generalization bounds for this algorithm in
[34] can be expressed as

2\ 2
Erlet)] < (1455 )t {e0 5

In terms of the regularization error D(\), it can be equivalently stated as

Ezr (|| far = £olJ] D) + (E(£,) + D(A)){% + (%2)2} (3.9)

But, if f, € Ly (L2 ) with 8 € (0,3] we know from (3.4) that D(\) <
/\25||L;ffp||/2). Putting this into (3.9) and trading off 7" and A, for f, €

B 2 . 1 . o _271_'_1 .
L (L2 ) with some 3 € (0, 3], the choice A = T 2771 gives the rate
2 26
Bzt [ for = L[] = O(T 7). (3.10)

When f, € Ly (£2 ) with 8 € (3,1], it was further improved in [25], by
choosing A = A\(T') appropriately, that?

Epr[ll fur — £,I12] = O(T751), (3.11)

and v
Ezr (|| far — follk] = O(T™2557). (3.12)

Under the same assumptions, the rates (2.9), (2.15) and (2.16) of the
online algorithm (1.5) are almost the same as the corresponding rates
(3.10), (3.11) and (3.12) in batch learning.

Finally, we end this subsection with the remark that generalization
bounds associated with D(\) such as (3.9) for the regularization algo-
rithms are quite neat and interesting, but they tend to suffer a saturation
phenomenon.

2The rates are originally stated in the form of probability inequalities. We employ
their expectation versions for consistency with the other bounds presented in the paper.
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To explain this phenomenon, we observe that

D) = inf {|If = fll2 + MIfl%} > inf {|\f—f]!2+>\w}
ek S KL= rery Pllp 2 J

Since [|f = follo = 11l = I £oll,l, by letting ¢ = [|f[|,, we have that

D) = ing (= 1510+ 25 = 2plE @9

K24+ A
If f, is not identically zero (i.e., ||f,||, > 0), the inequality (3.13) im-
plies that the optimal decay of D(\) is O(A), A — 0+ which, by (3.4),
is achieved when f, € Li(ﬁ%x) = Hg. Equivalently, the rate of D(\)
is never faster than O(X\), A — 0+ even if f, lies in any smaller space
Li(ﬁzx) with 3 > % than Hg. Therefore, in this case the consequent
trade-off rate (3.10) derived from (3.9) is at most O(T~2), T — oo, which
is achieved at § = % and can not be improved beyond the range 5 € (0, %]
This is the so-called saturation phenomenon in the context of inverse prob-
lems [15].

For similar reasons, the rates (3.6) and (3.7) derived from (3.3) for the
averaged stochastic gradient descent algorithm have the same problem.
In contrast, our capacity independent rate (2.15) for algorithm (1.5) does
not suffer this drawback and is arbitrarily close to 7! as 3 — oo.

3.3 Capacity independent optimality

In this subsection, we explain in two folds that the error rates for algorithm
(1.5) are optimal, up to a logarithmic term, in the capacity independent
sense. We initially illustrate this by citing the lower bounds in [7] when
f» € Lf((ﬁix) with 3 € (3,1]. Then, we demonstrate a specific example
to contrast our rates with the best possible rate in the non-parametric
statistical literature (see e.g. [6, 27]).

We begin with the citation of the lower bound in [7]. Consider f, €
L%(ﬁf)x) with § € (%, 1] and the eigenvalues (arranged in decreasing order)
of Lx have the decay \; = O(i7%) with b > 1. It was proved in [7]
that the rate T~ 2951 in E%X is optimal, see [7] for a precise definition
of optimal rates. Since K(z,2") = > .. Ni¢i(z)pi(z’) for any z,2" €
X and [ 92 (x)dpx (z ) = 1 for any ¢ € IN, it follows that Y .o A, =
[x K(x,x)dpx(x) < K?, see e.g. [12]. Therefore, for any i € IN we have
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that i\; < 3. N, Aj < #% which implies that A; = O(i") for all kernels.
Since our capacity independent ragtg)s are independent of the eigenvalues of
Ly, taking b — 1 2151 the rate T 260+1 leads to the eigenvalue-independent
optimal rate 7 26+1 (see also [32] for a discussion). In this sense, our
rates (2.15) and (2.17) are almost optimal for the capacity independent
case under the condition that f, € L[;((E?JX) with 8 € (3, 1].

Now, we illustrate by a specific example that our rates for algorithm
(1.5) are comparable to the optimal rate in non-parametric statistics. For
simplicity, we only consider smooth splines [30] in one dimension.

Let X = [0,1], dpx = dz. For smooth splines, the reproducing kernel
space can be regarded as a fractional Sobolev space H?®[0,1] with s > %
which is defined by Fourier coefficients

H?[0,1] := {f =ay + Z\/ﬁk_s(ak sin(2mkx) + by, cos(2mkx)) :
kEN
1= af + 3 (a4 #) < oo .
keN
It is easy to see, for any z,2’ € X, that the reproducing kernel of the
space H*®[0,1] can be represented by
K (z,2') =1+ Z 2k~ cos(2nk(x — 2')).

keN
In addition, Ay = 1, Ayj = Agjy1 = j 2 for j € N and ¢1(z) = 1,
Poj(7) = V/2sin(27jx) and ¢o;.1 () = V2 cos(2mjz) for j € IN. Therefore,
in this case, the range space Lis(ﬁzx) with § > 0 defined by (2.7) is
identical to the Sobolev space H?7$[0, 1].

It is well known (e.g. [27]) in non-parametric statistics that the rate
O(T~%+71) is optimal if f, € L2 (£3,) = H**[0,1] with 3 > L. There-
fore, if dpx = dx, f, € Ly, (£%), and Hy, = H®[0,1] with s > L with
B > 3 then our rate O(T_QE%IHT) of algorithm (1.5) given by (2.15)
is suboptimal. But it is arbitrarily close to the best one O(Tilgs%) as

1
s — 5+.

4 Error decomposition and basic estimates

In this section, we formulate our basic ideas by providing a novel approach
to the error analysis of online gradient descent algorithms in [%X. As
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mentioned in the introduction, the main purpose of this paper is to analyze
the online algorithm (1.5). However, we would like to state a unified
approach for the general online algorithm (1.4) for any A > 0 since this
will, as a byproduct, allow us to improve the preceding error rate in [33]
for the algorithm (1.4) with A > 0 as proved in Section 6.2 below.

We first establish some useful observations used later. For A > 0,
define the reqularizing function by

—arg inf { 43 4.1
fa=arg inf E(F)+Allf Ik (4.1)
Lemma 1. Let A > 0 and f\ be defined as above. Then we have that

Lg(fx—1f,)+Afr=0 (4.2)

and
||f/\_fp||p < “fp”p' (43)
Proof. The first equality is well-known, see e.g. [12].

For the inequality (4.3), we know from the equality (1.6) that (4.1) is
equivalent to fy = arginf ey, {||f — fp||§ + /\||f||§(} By taking f = 0,
the definition of fy yields the desired estimate || fx — f,[|2 < || f,[|2. O

With (4.2) at hand, we can interpret the online algorithm (1.4) with
A > 0 as the following useful form. With a slight abuse of notation, we
indicate f, by fo.

Lemma 2. Let A >0 and {f; : t € Ny} be defined as (1.4). Then, for
any t € Ny we have that

fior — =T —=n(Lg + D) (fe — fr) + mB(fi, z0), (4.4)

where I is the identity operator and the vector-valued random variable
B(fi, z) is defined by

B(fi,2) == Lr(fe — f,) + (e — fe(21)) Ko, (4.5)

Proof. The equality (4.4) for the case A = 0 is easily verified since we
have set fy = f,.
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For the case A > 0, we use the property (4.2) of the regularizing
function f) in Lemma 1. By the definition of f;;; given by (1.4) with
A > 0, we know that

fror = o= fo = o= m(fo(e) — ye) Koy — e fi
= (I —n(Lg +AXD))(fe — fr) + L (fi — f2)
— A x A+ 0e(ye — fi(we)) Ky,

But the equality (4.2) tells us that —Afy = Lx(f\ — f,). Hence, putting
this back into the above equation and arranging it yield the desired equal-
ity (4.4). O

With the help of the formula (4.4), we can describe our approach by
three steps in which the first one is referred to as error decomposition.

4.1 Error decomposition

For A > 0 and ¢ € IN, set the operator wi(Ly + AI) := H;Zk(l —n;(Lk +
AI)) for k € IN; and wy,,(Lg + AI) := I. Applying induction to the
equality (4.4) and noting that f; = 0, for any ¢ € INy we have that

frrr = fo=—wi(Li + M) fr + Z nwii (L + ADB(f, %) (4.6)

J€EIN

Applying (4.6) with ¢ = T', we get the following error decomposition

froo = fr=—w{ (L + AD S+ Y mw/iy (L + ADB(fir,2). (A7)

teINp

The above error decomposition technique is well-known in statistical
learning theory in order to realize the error analysis for least-square related
learning algorithms, see e.g. [22, 32, 33]. One can find similar ideas used
for different learning schemes, see e.g. [3, 12, 14, 24, 25] and references
therein.

We will use the error decomposition (4.7) to estimate the expectation
of || frs1— prf). To this end, we need some useful preparations. Let L be a
linear operator from L2 to itself, we use || L|| to denote its operator norm,
that is, [|L]| := supyz - [[ILf]l,- We also need the following technical
lemma which forms the essential estimates of our approach.
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Lemma 3. Let A > 0,8 > 0 and ny(k* + \) < 1 for any integer t € [j, k|.
Then there holds

20+
exp{A 0 m}(1+ (S, m) ™)

o (Lic + M) Ly ||* <

Proof. Note that, for any z,2' € X
K(z,2") = (K, Kp) i < | K|k || Kol < K. (4.8)

Combing this with the fact px(X) = 1, we see from Cauchy-Schwarz
inequality that, for any f € £3_

\Lacf]2 = / | / K (2, 2') f(a')dpx (') dpx )

//\me|dpx /}f )[*dpx (@) )dpx ()

— 12 /X /X K (2,2!)Pdpx (e )dpx (2) < W FI2 (49)

Hence, ||Lk| < x% Since {\, : £ € IN} are the eigenvalues of Ly, it
follows that sup, A, < k? and

L5 = sup X < K27, (4.10)
LeIN

Moreover, for any z < (k2 + \)~!

|1 —2(Lx + M| == sup(l —z(A;+A)) <1—z\ (4.11)

LeN

Applying (4.11) with x = n; iteratively for ¢ € [j, k] and (4.10), we have
that

k
lw (Lie + ADLGN < [T I = mel L + ADIILE

t=j

<R2BH1—nt <exp{ )\Zn}w, (4.12)

=Jj

where the elementary inequality 1 — n,A < e™™ for any ¢ € [, k] is used
in the last inequality.
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Also,

k
|k (L + ALy = sup [T = + M)A,
S

t=j

k
< supexp{—(A+ \¢) Z mIN

teN Py
k k
< exp{ — /\Znt} supexp{ — xZnt}xﬁ
= 0 1=j
k k
B -p
—en{ A nb(2) ()
t=j t=j

Consequently, the above inequality and (4.12) implies that ||w! (Lx + M) L7 |2
is bounded by

{2} (2) ) i (1. (L) '}

.. . . . . . 1 7-—1 2
Combining this with the elementary inequality that min{a™", 07"} < 25

for any a > 0,b > 0 finishes the lemma. O

Now we present the upper bound for Ezz [|| fr1 — f,||2] which is the
foundation of our approach introduced in this paper. Hereafter, we adopt
the convention that Zf.:@ 417 = 0 for any £ € N.

Proposition 1. Let A > 0 and {f; : t € IN} be defined as (1.4). Then,
for any T € N, Eyz [|| fr41 — fp||/ﬂ is bounded by

1fx = Sollp + Nl (L + A AN + 2llwr (Lic + AD Al = foll,

2 T
M eXPY—AD iy M
+2(1+/€)4Z t { . j=t+1 J}
teINp 1+ Zj:t+1 nj

Ez—1 [E(f2)]. (4.13)

Proof. Since fri1 — f, = fr41 — fx + fa — f,, there holds

Ezr [ fre1 — Foll2) = Ezr [l fraea — FAlZ) + 11fx = Foll?
+ 2B 7 [(fre1 — oo Fr = fo)o)- (4.14)

In order to use (4.14) to prove (4.13), we need to estimate the first
term and the last term on the right-hand side of (4.14).
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For the last term on the right-hand side of (4.14), observe that the data
is i.i.d. and f; is only dependent on {z,..., 2z 1} not on z;. Moreover,
recall the definition of the regression functlon fo(x) = [ ydp(y|z). Thus,

B(f;, 2t) has a nice vanishing property

E., [B(fi,2)] =0, VteNN. (4.15)

Applying (4.15) to the equality (4.7) implies that Eyr[fri1 — f] =
—wT(Lg + M) f. Therefore,

Ezr(frer — fas o = fodp = (Br [fran — fal s fa = fo)o
< lwi (Li 4+ A fAllpll fa = Follp- (4.16)

For the first term on the right-hand side of (4.14), we first use the
equality (4.7) to get that

Ezr (Il fr41 — £HlIF] = llot (i + AT A7
+Ezr (| D mwli(Lic + ADB(fe, 2)II7]

teNp

— 2Epr [( D iy (Lic + MDB(fi, z0), 0 (Lic + AD) f),. (417

teINp

Below, we estimate the last two terms on the right-hand side of (4.17)
separately.

For the second term on the right-hand side of (4.17), we write it as

Z Z NNy r [(WZH(LK + A)B( fi, Zt')7WtT+1<LK + A)B( ft, Zt)>ﬁ]‘

teNp t/€INp

Therefore, by (4.5), for ¢ > ¢’

Ez: <th/_‘_1(LK + AI)B<ft’7 Zt’)? wza-l(LK + )‘I) (ft7 Zt))
=EzE, <WtT+1(LK + M)WtT/H(LK + A)B(fi, Zt') B(fi,2))p
=By (wiyy (Lic + M)wi o (L + MDB(fur, 20), By [B(fir 20) )

By the symmetry of t,#, the above equality also holds true for ¢’ > t.
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Consequently, it follows that

Eyr [ Y mwfi (Lic + ADB(fi20)|I2]

teINp

= Z Bz [||wliy (L + A B(fr, Zt)”ﬂ

teINp

1 _1
< > i (L + ADLEPE || L B(fi, 2)|I7]

teINp

= > il L+ ADLEPEZ [IIB(for ) %], (4.18)

teINp

where we have used equation (2.8) in the last equality.

To estimate Ez: [||B(fi, 2)||%], we note from (4.15) that E., [(f;(z:) —
y1)Ka,| = Li(fi — f,), and thus we can rewrite E., [||B(f:, Zt)”i{] as

B, [[|(filxe) = v Kae[l}] = [Bet [(Filw) — e K] [ (4.19)

Therefore,

Bz [[B(fe #0lli] < BzeaBa [[[ (i) = wo) K[}
< KBz [E, [(fi(z) — yt)QH = ’Ez1 [E(f)]. (4.20)

In addition, applying Lemma 3 with g = % and j =t + 1,k = T implies
T % 9 2(1+N)2exp{—/\2?:t+17]j} .
that ||w, (Lg+A)L||* < T . Consequently, plugging
j=t+1"j

this and (4.20) into (4.18) yields that

Ezr (I Y meiia(Lic +ADB(fi, 2)1]

teINp
<2141y X{ AL i 1}

T
teINp 1+ Zj:tJrl nj

Eze1 [E(f)]. (4.21)

For the last term on the right-hand side of (4.17), we use (4.15) to get
that

Ezr [ Z w1 (Lic + M)B(fi, z0), 0] (L + M) fa),

teINp

= Y (/i (Li + M)Eze Bt [B(fy, 20)), wi (Lic + M) f2), = 0.

teINp
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Substituting this and (4.21) into (4.17) yields that

Egr [l fr41 — Al < ot (i + MDA

12140y LA )

T
teNy 1+ Zj:tJrl 1j

Combining this with (4.16), (4.14) completes the upper bound (4.13). [

Eze1 [E(f2)]. (4.22)

Now the error decomposition and Proposition 1 help us reduce the goal
of our error analysis to the estimation of the four terms in (4.13). The
first three terms of (4.13) are frequently referred to as the approzimation
error [24, 25]. Since the data is i.i.d. and f; does not depend on z;, the
last term of (4.13) can be rewritten as

2 — T )
E,« [ Z Uh exp{ Z]:t+1 77]}

T
teINp 1+ Zj:t—H Ty

It can be regarded as the expectation of a weighted form of the cumulative

(v = ful@))?].

loss 3 e, (e — fi(24))? in the online learning literature [8, 10, 19]. Thus,
we call the second term of (4.13) the cumulative sample error. We esti-
mate these two errors separately in the following two subsections which
constitute the second and last steps of our approach.

4.2 Estimates for the approximation error

Here, we establish some basic estimates for the deterministic approxima-
tion errors involving || f — f,l|, and ||w{ (Lx + AI) fi]| which is the second
step of our approach.

To estimate the term || fy — f,||,, we only need to consider the case
A > 0 since fo = f,. For this purpose, recall Lemma 3 in [25].

Lemma 4. Let A > 0 and fy be defined by (4.1). If f, € Ly(L2) with
0 < B <1 then there holds

(@) s = Follo < NILE Flly:

(b) If moreover, 3 < 3 <1 then ||fx — f,|lx < )\ﬁ_%HL;{prHp.

Using the above lemma, we can estimate the quantity ||w? (Lx +
M) fall, as follows.
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Lemma 5. Let A > 0 and n(x* + \) < 1 for each t € Ny. Then the
following statements hold true.

(a) If X = 0 then we have that

1

ot (L) folly < KA+ ) (D m) "2, 1)

teINp
(b) If X > 0 then we have that

o (L + A1 fally < 2exp { =AD" w1 ol

telNp

Proof. We first prove property (a). Since mx* < 1 for t € Ny, us-
ing (4.11) with A = 0 and = = n, for t € INy iteratively implies that
Jwi (L)l < Tlien, 11 = mLill < 1. Thus, for any f € Hx there holds
ot (L) follo < llwt (L) (f = Folllp + [l (L) £l

<N f = Follp + ot (L) LNl N1 Lg? o

= 1f = follo + ot (L) L flI % (4.23)
where (2.8) is used in the last equality. Applymg Lemma 3 with A =0 ﬂ =

2,7 =1, and k = T implies that [lw{ (LK)LIQ(H <2(1+=k < Z nt)

teINp
Then, substituting this into the right-hand side of (4.23) yields that

T gl < ing {1~ ol +20 40 (3 ) CIfl) (24

teINp

Turn to the proof of property (b), note that n;(x*> + A\) < 1 for any
t € INy. Thus, applying (4.11) again with = = n, for t € INy implies that

Jof (Lic + AD Al < TT @ = mIAl < expf=2 3 nd Al

telNp teINp

But, by (4.3), [ frll, < 2||f,||, which finishes property (b). O

The last step of our approach is to estimate the cumulative sample
erTor.
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4.3 Estimates for the cumulative sample error

In this subsection, we describe basic estimates for the cumulative sample
error.

Observe that the cumulative sample error (the last term in (4.13)) can

be bounded by

[sp B )] [ 2 2 id G DR nhy (4.25)

T
telNp teINp ]' + Zj:t-i—l 77.7

Therefore, it remains to estimate the above summand involving the step

sizes and the uniform bounds for the learning sequence separately. Let us
first deal with the summand.

Lemma 6. Let A > 0, 6 € [0,1) and p > max{\, 1} + x*. If the step
sizes are in the form of {n; = /%t’(’ :t € Ny} then, for any ¢ € Ny, the

¢

77]2' exp{—)\ Zk:j-‘rl 77’6}
7

jEN, 1+ Zk:jJrl Nk

15 bounded by

‘ 8¢
%(exp{—)\dgﬁl_e/,u}ﬁ_ min{f,1-6} | €_9> ln(m), (4.26)
where dy = 1;30;1 and cg = 1 for 8 =0, 13 for 6 = %, and (1_29+3)|29_1|

otherwise.

The technical proof is given in the Appendix.

Now, we can see that if the step sizes are of the form {n; = it_e :

t € ¢} with 8 € (0,1) and g > max{\, 1} + #?, the summation part
involving the step sizes in (4.25) is bounded by (4.26) with ¢ = T, which
tends to zero as T — o0.

Hence, in order to estimate the whole term (4.25) it suffices to es-
tablish the uniform bounds for sup,c,.,, Ez-1[E(f;)]. This is intuitively
reasonable since we expect that the learning sequence {f, : t € Nz, } ap-
proximates the regression function f,. To this end, we need the following
direct result from Lemma 6.

Corollary 2. Let A > 0, 0 € [0,1) and n, = l%t_g for t € INp with
> K2+ N Forany T € IN, if i — X is larger than the quantity
16(1 + x)* In(8T") if 0 =0,
w(f) == < 1248(1 + )* ifg =1, (4.27)

208(1+k)* ] 1 .
=20 D)2o—1]} (hfl(m) + m) otherwise,
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then there holds

Z 77]2 exp{—)\ ZZ:M nk} <

< , Vt e INp. (4.28)
jEN Lt 3 T 8(1+ k)*

Proof. For any ¢ € INy and A > 0, the quality (4.26) is bounded by
2%6* min{6,1-0} ln(%). Thus, the hypothesis (4.28) holds true as long as

K)ic — min —
p > k2 +max{\, 1} and m%t {6.1-0} 1 (1%) <1 for any t € INy.

When 6 = 0, by the definition of ¢, the above inequality is virtually
identical to p > 16(1 + x)*In(87).

For 6 € (0,1), note that Int =
Therefore, the inequality

In (tmin{O,lfe}) < 4min{6,1-6}

1
min{6,1-6} — min{6,1-6}"

4

1 1-6
16(1 + )* 8 1
<2018 L )<1
= C"<n(1—9)+min{e,1—9} =
and the definition of ¢y given in Lemma 6 yield the desired result. O

We are ready to establish the uniform bounds for the learning sequence.

Proposition 2. Let A > 0 and {f; : t € Ny 1} be produced by algorithm
(1.4). Moreover, if the step sizes satisfy n:(k*> + X) < 1 for t € Ny and
the inequality (4.28) then we have that

Ezi-1 [E(fr)] <20 f,l3 +3E(f,),  VteNpy. (4.29)

Proof. Since f; =0, from (1.6) it follows that

E(f) = lfs = Follp + E(fo) = IFlls + E(S,).

which implies that (4.29) holds true for t = 1. As the induction assump-
tion, suppose (4.29) holds true for all £ € IN;. To advance the induction,
we need to estimate Ezt [E(fiq1)]-

Applying (4.13) with T'=t € IN, E: [||ft+1 — fp||l2)] is bounded by
1fx = foll + 1ot (L + AD A + 2l (L + XD Al = ol

2 t
MR eXPL—AD 1
+2(1—|—/€)4Z texpd =] i
k€N, 1+ 2j=k+1 1j

E it [E(fx)]. (4.30)
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Note that || fx— foll, < | foll, by (4.11). Since n;(k*+ ) < 1for ¢t € IN,
lot (Lie + AD < Tljem, I = ni(Lic + AD)|| < 1, Hence,

i (Li + MDA < lwi(Li + ADIPIANG < 1A < 415105
Similarly, by (4.3), there holds that

i (Lic + AD Fallol 5 = Follp < 211 £l

Putting the above estimates, the induction assumption, and hypothesis
(4.28) into (4.30) implies that

Eze[llfun = ] < OLIE+ (201512 +3E(5,)) /4.
Note that £(fir1) = E(fy) + || frer — foll3 by (1.6), and thus

Ezr [E(fis1)] < 201 f|12 + 3E(f,),

which advances the induction and completes the proof. O

In the following sections, we apply Proposition 1 and the basic esti-
mates for the approximation error and cumulative sample error to prove
our main results stated in Section 2.

5 Error bounds and convergence

In this section, we mainly develop error bounds and convergence results
for algorithm (1.5) based on the Proposition 1.

In this case, we have that A = 0 and f; = f,. Therefore, the error
decomposition formula (4.7) is reduced to

friv—fp ==l (L) fp+ Y meotir(L)B(fi, 20). (5.1)

teINp

By Proposition 1, Ezz [|| frs1 — fp”z} is bounded by

loT (LSl +20+ 1) Y — Bz [8(f)]. (52)
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5.1 Proofs of error bounds
This subsection proves error bounds stated in Theorems 1 and 4. The
essential estimates will also be used to derive error rates in Section 6.

We start with the following useful lemma. One can find its modified
form in [32].

Lemma 7. If f € L%(E?)X) with some 3 > 0 then

N B -3
et eorl, <2((2) i, (Sw) " 69
teN
In addition, if > 5 then ||w{ (Lk)[|x is bounded by

2((2@; 1>ﬂ—é N Hw_l) HL;}BfII,J< 3 m)_(ﬁ_;). 5.4)

teNy

Proof. Applying Lemma 3 with A = 0,5 = 1, and £ = T, the desired
estimates (5.3) and (5.4) follow immediately from the following observa-

tions
lod (Za) £llp < Moot (La) Ll 1L F 1o
and
_1 B—1 _
lod" (L) Fllse = Nt (Lic) Li? Fllp < ot (L) L 2Nl ILE o
This completes our lemma. O

Recall the definitions of u(#) in Corollary 2 and ¢y in Lemma 6, our
error bounds read as follows.

Proposition 3. Let A\ =0, 0 € [0,1) and n, = it_e fort € IN with some
constant p > (). Define {f, : t € N} by (1.5). Then, for any T € IN

we have that

8T

CpCo — min —
Ezr [HfT—H - fp”;ﬂ < ||Wip(LK)fp||i + pT T {6,1-6} m(m)

where ¢, :=4(1 + £)* (20| f, |12+ 3E(f,))-

Proof. Since n, = ‘—tt*(; with g > p(0) for any ¢t € INy, by Corollary 2
we know that the inequality (4.28) on the step sizes holds true for any
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t € INy. Hence, the bound (4.29) in Proposition 2 holds true. Now, the
desired result follows by applying (4.26) with A = 0 and ¢ = T to the
right-hand side of (5.2). O

To apply Proposition 3 to prove Theorem 1, we need an easy observa-
tion, that is, if 0 < 6 < 1 then, for any ¢t € INp,

T
> il> — . (5.5)
j=t

We are in a position to establish Theorem 1 stated in Section 2.

Proof of Theorem 1. Recall that n, = %t‘e for 6 € (0,1). Therefore, by

r _ 91
(5.5) we have that Z M = WTl’g. Putting this and property (a) in
— 0
t=1
Lemma 5 together, the bound (2.4) immediately follows from Proposition
3 with 6 € (0, 1). 0

It still remains a question whether we can estimate the stronger error
| fr+1 — f,llx when the step sizes have the form {n, = O(t7%) : t € IN}
with 6 € (0,1) and f, € Ly (£2 ) with 3 > L.

We turn our attention to the case when the step sizes are in the form
of {ny =n:t € Ny} with n = n(T) depending on T'. In this case, we can
deal with the expectation of the error || fri1 — f,||% if f, € Hxk-

Lemma 8. Let f, € Hx, n: = n fort € Ny with ne?* < 1 and {f; : t €
IN7i1} be defined as (1.5). Then we have that

Egr (|| fron = follk] < llof (L) foll% + &% Y~ Ezeea [E(f)]-

teINp

Proof. Since the argument here is essentially similar to the proof of
Proposition 1 except the norm || - ||, is replaced by || - ||k in Hg, we
only sketch its proof.

From the error decomposition (5.1), we know that

Bz [[lfre = follk] = ol (L) follie + n*Ear (Il Y wia (L)B(fir 20) %]

telNp

=20 ) (0] (Lic) fos Bgr [ Wiy (Li) B(fiy 20)] ) xc- (5.6)

telNp
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By the vanishing property (4.15) of B( f;, z), the second term on right-
hand side of the above inequality is estimated as follows:

Ezr [l Y wina(L)B(fi 20)ll%] = D Eae[llwfiy (L)B(fi, 20) 1]
teINp telNt
Consequently,

Eyr [l ) win(L)B(fi 2)l%] = ) Ez [l (L)L BUfin 20 2]

teINp telNt

< 3 () PE 1L B )]

teNp

= Z lwf i1 (L) IPEze [1B(fir 201 %] - (5.7)

teINp

By (4.20), Ezt[HB(ft,Zt)Hi(] < K?Ezi-1[E(fi)]. Also, since nx? < 1, the
estimate (4.11) yields that, for any ¢t € INy there holds |Jwf;(Lg)| < 1.
Putting these estimates back into (5.7), we have that

Eyr (|| Y wfn(L)B(fi, 23] < 52> Bz [E(f)]- (5.8)

teINp t=1

Using (4.15) again, the last term on the right-hand side of (5.6) fol-
lows that Z (Wi (L) fo Egr [wliy (L )B(fi, 2)] )i = 0. Cascading this

teINp
equality, (5.6) and (5.8) yields the desired estimate. O

We are ready to present error bounds when the step sizes are of the
form {n, =n:t € Nr} with n = n(T) depending on 7.

Proposition 4. Let n, =n fort € Ny and {f; : t € Np,1} be defined as
(1.5). If 16(x + 1)*In(8T)n < 1 then there holds

Ezr [l fr41 — folls] < lwi (L) foll; + conn(8T). (5.9)

In addition, if f, € Hg then we have that
Eyr || fre1 = folli] < ot (L) folli + con®T. (5.10)

Proof. We regard n as % Then, the inequality 16(x + 1)* ln(ST)n <1
means that g > 16(1 + /{)4ln(8T). By Corollary 2, the inequality (4.28)
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on the step sizes is satisfied. Hence, the estimate (4.29) in Proposition 2
holds true.

The first estimate (5.9) follows from Proposition 3 in the case of § = 0.
Combining Lemma 8 and (4.29) yields (5.10). O

From the above proposition, we can prove Theorem 4 stated in the
Section 2.

Proof of Theorem 4. The error bound (2.10) is derived from (5.9) and
property (a) in Lemma 5. O

5.2 Proofs of convergence results

We are in a position to apply the error bounds in Theorems 1 and 4 to
prove Theorems 2 and 5, while Propositions 3 and 4 will be used to derive
the explicit rates in the next section.

To prove Theorem 2, we introduce the following well-known property
of K-functional, see [5]. We include its proof for completeness.

Lemma 9. Let s > 0 and K(s, f,) be defined by (2.2). Then there holds

lim (s, /,) = inf [If = £l

s—0+

Proof. By the definition (2.2) of K-functional, it is straightforward that
lim, o, KC(s, f,) > infrer || f — foll,- Hence, we only need to show that

ESHM’C(S,JCP) < fiel};fl( 1f = Follo- (5.11)

To this end, for any € > 0 we know that there exists f. € Hg such that
I fe = foll, < e+infrep, || f — foll - Therefore, by letting f = f., we know,
for any s > 0, that K(s, f,) is bounded by e +inf rep, || f = foll, + sl fell k-
Letting s — 0+ yields (5.11), and hence completes the lemma. O

We are ready to prove Theorem 2 based on Lemma 9 and Theorem 1.

Proof of Theorem 2. Since # € (0,1) and n, = % for any t €
IN with g > p(f), Theorem 1 holds true. Applying Lemma 9 with
s = bpy/u T-U=9/2 to (2.4) yields that lmr_ o Eyr ||| frer — Ll <
inf perge |f = foll2-
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On the other hand, since fri; € Hg, for any 7' € IN and any sample
z = {2 :t € Np}, we know that inf e, || f — foll5 < || fre1 — f,ll5, which
leads to limy . JEzr (|| fre1 — foll2] = infren [If — foll2- This completes
Theorem 2. O

To prove Theorem 5, we further need the following observation.

Lemma 10. Let f, € Hg, the step sizes {n, = n(T) : t € Np} satisfy
n(T)k? < 1 for any T € N and limg_. n(T)T = oo. Then we have that

Jim [ (L) fy e = 0,

Proof. Recall the definition of Lf((ﬁf)x) with 8 > 0 and the fact Hx =
L3 (L£2.). Hence, if f, € H then

fo= Z)\fajfbj, for some {a;:j € N} € 2.

J=1

Before we move to the next step, it will be helpful to sketch the main
ideas. In what follows we construct functions in Lj (L2 ) to approximate
[, arbitrarily in Hg while for functions in L}((ﬁgx), we apply (5.4) in
Lemma 7 with § =1 to deal with it.

. N 3 3
Now, write f, = Z,\j>0,j=1 Afajp; + Z§j>07]~:N+1 Afajp;. Then, fn =

N
_1
> NN 2ay)e; € Lic(£2) for any N € IN because [|L' fn2 =
A;>0,5=1
_1
Zi\;>0,j:1()‘j *a;)* < 00. On the other hand, since Y72, a7 < 0o, then, for

any ¢ > 0, there exists N(¢) € IN such that >>7° )., af < 2. Therefore,

o 1 e.)
Ifo = Ivoli =11 D Magli= >, a <&
j=N(e)+1 j=N(g)+1

By (2.8), we havelthat (I = n(T)Li)fllx = ||(I - T](T)LK)L[_(%pr <
11— n(T) L[l Ly fllp = 11— n(T) Lcl I|.f |-

Also, since n(T)x? < 1, applying (4.11) with o = n implies that ||(I —
n(T)Lk)|| < 1. Hence, for any f € Hg there holds ||[(I —n(T)Lg)f|lx <
| f||x- Consequently, applying the above inequality with f = f, — fn(
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tells us that

(I = n(T) L) follxe < NI = n(T) L) fve) ll s
+ (I =n(T) L) (fo = )k
< |I(I - U(T)LK)TfN(s)HK +1f, — fN(s)”K
<N =n(T)L)" fve i + e (5.12)

To estimate |[(I — n(T)Lk)" x|k, applying (5.4) with n, = n(T') for
any t € N7, f = fn(), and 8 =1 yields that

NI

I = n(T) L) fvo e < 2(1+ w)IILE follo (Tn(T)) .

Since limy_,, Tn(T") = oo, the above estimation implies that there exists
an integer T'(¢) > N(e) such that

I =n(T) L) fnellk <& VT =T(e). (5.13)

Putting (5.12) and (5.13) together, we know that
lot (L) foll e = (T = n(D)Li) follc <22, ¥ T = T(e).

Since € > 0 is arbitrary, we obtain the desired claim. O

We now move on to the proof of Theorem 5.

Proof of Theorem 5. Observe whenever limy_,on(7)InT =0 or
limz o, Tn*(T) = 0, there exists T (¢) € IN such that 16(x+1)n(T) InT <
1 for all T > Ty (e). The hypotheses in Lemma 8 and Theorem 4 are sat-
isfied for any T" > T (e). Therefore, (2.10) holds true for any 7' > T (e).

We first prove the convergence in EiX. Applying Lemma 9 with s =
2(14) (n(T)T) 2 to (2.10), it follows from the hypothesis limy_.. Tn(T') =
00 that imr—.ooE 7 [|| fra1— fol12] < infrere | f— fo]|2- On the other hand,

since fri1 € Hi, infyerg If = foll2 < || frea — foll2 for any data z = {z :
t € IN7} which leads to infrep, ||f — foll? < limgp Eyr ||| froa — fp||f)].
This verifies the first part of Theorem 5.

The proof for the second part is similar. Since limy .., Tn*(T) = 0,
combining (5.10) in Proposition 4 with Lemma 10 yields that

limy By || fro1 = foll%] <0

which completes Theorem 5. O
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6 Explicit error rates

In this section we use Propositions 3 and 4 to derive explicit error rates
for E,r [|| fre1— fp||f2)} by choosing the step sizes appropriately, when the
regression function f, lies in L%(ﬁgx) with 5 > 0.

6.1 Rates for online learning with A =0

We start by establishing explicit error rates for algorithm (1.5) stated in
Theorems 3 and 6.

Proof of Theorem 3. Recall that u(0) is defined by (4.27) for 0 < 6 < 1.
Therefore, if 1, = % then, by Proposition 3, we know that

Er [llfres = fl12) < W (L) S+ O(T 22010 7). (6.1)

Since f, € L[;((E?,X), applying (5.3) with f = f, implies that ||w] (L) f,ll, =
O((Zte]NT 77,5)_5>. Therefore, we see from (5.5) that [w] (Lx)f,l> =
0<T—2<1—9>ﬁ>. Note that O(T— min{0,1-0} |y T) _ O(T‘9 InT+7~-0-0) 1nT).

Putting these estimates into (6.1) and noting the hypothesis 8 € (0, 3],
we know that

]EzT |:HfT+1 —_— pri} — O(T*Q(lfe)ﬂ lnT + T*Q th)

Selecting 0 = 2;% in the above inequality completes the theorem. O

By Proposition 4, we can establish Theorem 6.

Proof of Theorem 6. Observe that In(87) < @ < % for any

6 € (0,1). Hence, we know that the choice of 7 := WT*% for

B > 0 satisfies the hypothesis 16(x + 1)*In (8T)77 < 1 in Proposition 4.

Applying (5.3) with f = f,, we know that ||w] (Lx)f,||, = O((nT)~").
This in connection with (5.9) in Proposition 4 implies that

Ezr (|l fren — pr?,] < O((nT) %) + ¢,nIn(8T).

Substituting n = WT_% into the right-hand side of the above
inequality yields the rate (2.15).
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Similarly, if f, € Li(ﬁzx) with 3 > % then, applying (5.4) with f = f,
to (5.10) yields that

Exr (|l fran — Foll%] < ol (L) foll% + cn*T
_ _1
< O((Tn) 28 2)> + ¢,n°T.

Putting the choice n = WT_% back into the right-hand side
of the above inequality directly implies the rate (2.16). O

6.2 Improved rates for online regularized learning

Our analysis can also yield improved rates for the online regularized algo-
rithm given by (1.4) with A > 0 which is stated as Theorem 7.

Proof of Theorem 7. Note that if 0 < A < 1 then Corollary 2 tells us

that the choice of the step sizes {1, = ﬁt_e :t € Ny} with 6 € (0,1)

satisfies the hypothesis (4.28). Consequently, by Proposition 2 we have
that

sup Ezi1[£(f)] < 20 f,ll; + 3E(f,).

kE]NT+1

Also, observe that p = u(d) +1 > k> + X for A € (0,1] and de-

note dy = 1_12_95 = Therefore, applying Lemma 6 with ¢ = T" implies that

Z n; exp{—)\ Zf:t+1 7)]‘}

T
teINy L+ Zj:t+1 Ny

is bounded by

8T
1—-0

0 <exp{—)\d9T1_9/,u}T_ min{0,1-0} | T_9> In( ). (6.2)
1

Combining this with Proposition 1 for the case A € (0,1], Ezr [HfT+1 —
f,l12] is bounded by

s = Foll5 + Nt (L + AD LG + 2003 = follollwt (Lic + A1) fall,

. T
+ Czﬁ < exp{—AdgT"* [y T~ ™10 T_9> In( 18— 5" (6.3)

To move to the next step, we note from Lemma 4 that

1A= Follp < NNLE Ll V8 € (0,1).
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Also, property (b) in Lemma 5 and the inequality (5.5) with ¢ = 1 implies
that
ot (L + A fallp < 2exp{=AdgT" " /u} (| ]l

Substituting these into (6.3), it follows that Ezr || fr41 — f,||2] is bounded
by

28|78 ¢ (12 €0 o 8T - B 1-0
WL I 20T () + 4L Sl exp{ ~\T' 1)

=0
CpC, _ 8T
(A esp{ My (7). (64)

Note that, for all ¢ > 0,s > 0 and ¢ > 0 the asymptotic behavior holds
exp{—cT} = O(T~). (6.5)

1 €
Therefore, for any 0 < € < Q/Bfﬁ, choosing A = T~ 2+1725 and § = %ﬁl in

(6.4) yields the desired error rate (2.17). O
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Appendix

This appendix includes a detailed proof of Lemma 6 and the relationship
between the functional space (L2, H)p,00 and L’f((ﬁf,x).

Proof of Lemma 6: Recall the convention Zi:z 1Mk = 0 which gives
rise to the equality

> njexp{—A Z e}/ ( Z e+ 1)

j€IN, k=j+1 k=j+1
1
= > mjexp{-\ Z et/ ( Z mt 1)+ sme (66)
JEN,_1 k=j+1 k=j+1

Let us first prove the case 6 # 0. The last term on the right-hand side
of (6.6) is easy: _xpmy < op since p > 1+ k7.

To estimate the first term on the right-hand side of (6.6), we divide it
into two terms:

Z n]?exp{—)\Zi:jHﬁk} _ Z UJZGXP{_)‘ELJ‘HW}

¢ ¢
jEN,_ Zk:j-ﬂ Mk + 1 JEN Zk:j—H Nk + 1

]<Z 1

n Z 77]2' eXp{_)‘Zi:j—&-l nk}
Zi:j-l-l M+ 1

(6.7)

]> 5 jG]N
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By (5.5), we know that Zf:jﬂ 70> L ((+1) = (j+ 1)), Then,
for any j < ¢ — 1, there holds

exp{—A\ Z me}/( Z e + 1

_]+1 k=j+1

exp{ ((€ + 1)1 (G + 1)1_9)}
- u(1—9) ((6 + 10—+ 1>1_0) +1

(6.8)

Below, we use (6.8) to estimate the two terms on the right-hand side of
(6.7) respectively.

For the first term, since j < &4, (04 1)1 — (j+1)' 77 > (1-2071)(¢+
1)!=%. Thus, the inequality (6.8) implies that

> nfexp{-A Z me}/( Z M+ 1)

JE]N k=j+1 k=j+1
J<T
1, 1-06 A1 —20-1)
<2 /4101 { _ /41 170} =4
_u(1—29‘1>< T e T gy, Z:l]
j<t
Also
e T for 0 < 6 < 3,
e 1
s Tt for 3 <6< 1.
Consequently, it follows that
> nexp{—A Z e}/ ( Z e+ 1)
JeélN k=j+1 k=j+1
€, min{6.1— A1 —20-1) _ el
< Bprmin{01-0} oot 2 T2 T )0 (= 6.9
L 2Dy ) 69

forQ;éO

P -1 ey
where ¢g = 2 for 0 = 5 and 7= 1‘20 T

We now turn to the second term on the right-hand side of (6.7). Since
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exp{— a0 #( (C+1)—(j+ 1))} <1, from (6.8), we have that
-1 ¢ ¢
Yo omiep{-A DY m}/( D m+1)
i>5tjeN k=j+1 k=j+1
jfa

A
=

~

5
ME

(C+1)0— G+ +1

j>41 jelN “(1 0)

Since j7% < 3(1 + x) and ((+ D)0 -G+ > (0+1)0— (2 +1)1°
for any x € [j,7 + 1] and j < ¢ — 1, we have that

/—1 j_g
]gl i (D) — (G +1)10) + 1
1 pjtl -6
S| Y TE et
=/ N(lg((€+1) (z+1)1-9) +1

4
(x+1)7°
<3 d
- /2'1 ﬁ((ﬁ + 1)1_0 — (x + 1)1_9) +1 *

— 3uln (1 + (%)(6 + 1)14)) < 3uln (2(1€j-91)>

where % <3 +52 < 1 is used in the last inequality. Therefore,

-1 ¢ .
12 200+1
S en{-A Y w}/ (X mt1) <= (1_9)>‘
j> 5t deN e R H

Putting this and (6.9) together into (6.6), we have, for 6 € (0, 1), that

Zn?exp{—)\ i T}k}/( i nk—i-l)

JEIN, k=j+1 k=j+1
Co A1 =271 1-07 y— min{0,1— - 8¢
< X A S 1 / min{6,1-0} / 9)1 ]
_M(eXp{ = (+1)""} + n(l_e)
where Cyp = 13 for 6 = %, and W for 6 € (0, %) U (%, ].)
For the case # = 0, we know that
‘ ¢ 1< a)A j
>_mexp{=A 3 m}/( D m+1 Z—Z +1)
jeN, k=j+1 k=—j+1 p? = %
1
— In(el
e
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This finishes the proof of Lemma 6. O

We end the appendix with the relationship between (E?,X . Hk)po0o and
L%(ﬁ%x) which is interesting in its own right.

Proposition 5. Let the interpolation space (L2, Hi)p oo be defined by

(2.5). Then, L%(ﬁ%x) C (L2, Hk)2p.00 for B €0, 5]

Proof. We assume that the positive eigenvalues {\; : 7 € IN} of Lk are
arranged in decreasing order. Then, || Lk| = A\ < K%

For any f, € L” (£2 ), there exists {a; : j € N} with >,y af < oo
such that f1 =3 i ja]qb] To estimate K(s, fi) in the case of s* < Ay,
we select ¢ € IN such that Ay < s < )\ and let f = Z]@N[ a; ]gb]

Therefore,

Hf f1||P+SH.f”K—)\g+1{ Z j 25} —|—SX8 2{2 2ﬁ 1

]>£+1 J€IN,

< 252’8{2 a?}§ = 2826||L[_<ﬂf1||p.

JEN

Consequently, this proves that K(s, f1) < 25*°||L” f1]|, in the case s* <
Ap. For 52 > Ay, we choose f = 0, then K(s, f1) < || fill, < s*°A || A, <
s2%|| L fil,- Above all, for any s > 0,

K(s, f1) < 25| L fill,

which completes the proposition. O

We remark with a simple counterexample that the reverse conclusion in
Proposition 5 between these spaces is not true. Let dpx be the Lebesgue
measure dz on [0,1] and the RKHS be H*®[0,1] with s > 1. By the
argument at the end of Section 3, we know that L7 (£2) = H2%:(0,1].
But it is well-known [5] that H?%4[0, 1] is not identical to the interpolation
space (L3, H%)as,00. We conjecture that this reverse conclusion is also not

true in the general case.
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